INTRODUCTION
============

Mitochondria are dynamic organelles that form intricate networks and undergo continuous structural remodeling via the opposing processes of fission and fusion ([@B28]; [@B58]; [@B59]). While balanced mitochondrial dynamics is essential for cellular homeostasis, disruption in such dynamics is linked to various cancers, cardiac dysfunction, and neurogenerative disorders including Alzheimer\'s, Parkinson\'s, and Huntington\'s diseases ([@B56]; [@B20]; [@B28]). Pioneering experimental studies have provided insights into the molecular machinery of one such key process, mitochondrial fission ([Figure 1A](#F1){ref-type="fig"}). According to the current working model, the fission event is a three-step process ([@B29]; [@B35]; [@B32]): in the first step, actin--myosin cytoskeletal networks apply forces at endoplasmic reticulum (ER)-mitochondria contact sites to initiate mitochondrial constriction; in the next step, GTP-regulated dynamin-related protein 1 (Drp1) polymerization enhances the constriction, and in the final step, dynamin 2 facilitates complete membrane fission to create two daughter mitochondria ([Figure 1](#F1){ref-type="fig"}).

![(a) Current working model of mitochondrial fission in mammalian cells. The initial squeezing by actin/ER forces is followed by an increased constriction by a protein Drp1, which is subsequently brought to fission by a protein dynamin 2. While the list of fission proteins has expanded in the recent past, there is also a growing body of evidence that suggests the role of conical lipids in mitochondrial fission (key conical lipids shown in the box). How these lipids collaborate with fission proteins and catalyze fission reaction remains unresolved. In this study we use computational modeling and in vitro experiments to investigate this core puzzle. (b) The basic setup and the key players of membrane remodeling. We simulate an idealized mitochondria in the form of a hollow spherocylinder (a cylinder capped by two hemispheres) made of a lipid bilayer. The geometry is defined by two parameters: the radius *R*~0~ and the total length *L*~0~. (c) Conical lipids such as PE, CL, and DAG generate spherical curvatures (same in all the directions; see Supplemental Figure S1). Here we suppress the biochemical differences between such lipids and model the effect of a generic cone-shaped lipid with a preferred radius of curvature *R~L~*. (d) Drp1 and dynamin 2 are assumed to form a cylindrical coat and generate unequal curvatures in the circumferential and longitudinal directions. The preferred radius of curvature in the circumferential direction *R~P~* controls the squeezing capabilities of these proteins. (e) Actin and ER are assumed to apply compressive forces (f) onto the spherocylinder. Because the exact orientation of these forces is not known, we simulate forces at different angles (*α*).](mbc-30-160-g001){#F1}

While the fission proteins play an inarguably critical role, a growing body of evidence reveals that conical lipids, present in abundance in mitochondria ([Figure 1](#F1){ref-type="fig"}), regulate mitochondrial morphology and fission. For example, two conical lipids, phosphatidylethanolamine (PE) and cardiolipin (CL) have been found to be essential for mitochondrial function and cell viability ([@B15]; [@B47]). A moderate reduction in the PE concentration has been shown to cause a significant alteration in mitochondrial functions and morphology ([@B48]; [@B6]; [@B22]; [@B51]; [@B53]). Recently, CL has been shown to promote Drp1 self-assembly and stimulate Drp1 GTPase activity ([@B33]). CL degradation to PA, on the other hand, has been shown to restrict Drp1 activity in fission ([@B1]). Interestingly, while CL facilitates Drp1 polymerization, Drp1 also promotes local CL clustering and nonbilayer phase transition ([@B50]). Another conical lipid that has been implicated in fission is diacylglycerol (DAG; [@B8]; [@B18]). DAG is predicted to localize at fission sites and also regulate actin dynamics ([@B12]). Furthermore, DAG has been shown to promote fission in peroxisomes, which also requires Drp1 activity ([@B16]; [@B12]).

While these experimental studies strongly suggest a potential role for conical lipids in mitochondrial dynamics, they do not reveal their precise roles in the fission process ([Figure 1](#F1){ref-type="fig"}). How do these lipids act in concert with the fission machinery during the fission reaction? Do these lipids actively contribute to constriction, or do they only assist in promoting the assembly of the fission proteins? How are the superconstrictions, observed during in vivo and in vitro studies ([@B50]; [@B29]), stabilized through dynamic protein polymerization and depoly­merization cycles?

The lack of experimental techniques to image membrane dynamics at the length and time scales relevant for mitochondrial fission makes it difficult to parse the roles of proteins and lipids. Therefore, to address the above issues, we resort to computational modeling and investigate this fission puzzle. We employ membrane physics and differential geometry to investigate the shape evolution of an idealized tubular mitochondrion leading to "membrane necking" in the presence of the established membrane remodeling effects of fission proteins and of conical shaped lipids ([Figure 1, b--e](#F1){ref-type="fig"}). The study reveals that proteins and lipids can act synergistically to trigger buckling instability to generate extreme constriction. More remarkably, the study shows that the conical lipids can collaborate with multiple fission protein partners to trigger hierarchical instabilities that lead to stepwise constriction of the tubular structure. These sequential instabilities, in addition to promoting constriction, stabilize constricted geometries by arresting the elastic tendency to revert to the undeformed geometry during protein cycles. Data from in vitro studies (previously published and new) validate the core modeling proposal and show that conical lipids are critical to achieving and maintaining superconstrictions in membrane tubules. Because the estimated lipid concentrations required for inducing instability are well within the physiologically known concentrations in mitochondria, our findings may be of relevance to mitochondrial fission events in living cells. Furthermore, because curvature-inducing proteins and lipids are ubiquitous in cells, the proposed mechanisms might be at play in other topological remodeling events in cellular membranes.

RESULTS
=======

Actin--lipid cooperativity
--------------------------

We follow the chronological sequence of protein activity revealed by the experimental studies. First, we model the constriction due to actin filaments and conical lipids. We increase the magnitude of the actin force in the center of the spherocylinder ([Figure 2b](#F2){ref-type="fig"}-1, magenta domain) and the lipid concentration in the adjacent domains ([Figure 2b](#F2){ref-type="fig"}-2, blue domains). This local increase in the lipid concentration could be a consequence of curvature-mediated lipid dynamics, as has been revealed in several experimental and theoretical studies ([@B39]; [@B23]; [@B44]; [@B46]; [@B24]; [@B3]). The results here are presented for α = 45°. The results for the radial force are presented in the Supplemental Material (Supplemental Figure S4).

![Predicted role of actin--lipid cooperativity during membrane constriction. (a) The force-deformation curve shows a linear response in the initial phase but then undergoes a drastic snap-through transition around 30% deformation (from stage 2 to stage 3), indicating a classic buckling instability. The actin force domain is shown in magenta and the domains with higher lipid concentrations are shown in blue. After instability, the force deformation proceeds along a nonlinear curve with increasing stiffness (magenta arrow). Upon unloading (decreasing the actin force), the shape takes a new path (blue arrow), maintaining 68% deformation upon complete removal of the actin force (stage 4). This shows that the lipids arrest the constricted state preventing the spherocylinder from reverting to the undeformed configuration, thereby inducing a geometric plasticity. (b) The computed shapes at stages 1, 2, 3, and 4 during the force-deformation response shown in a.](mbc-30-160-g002){#F2}

The force-deformation response and the shape evolution are shown in [Figure 2](#F2){ref-type="fig"} (Supplemental Movie S1). The force-deformation curve ([Figure 2a](#F2){ref-type="fig"}) presents the first key result that reveals a classic buckling instability. The constriction increases linearly up to ∼30% ([Figure 2b](#F2){ref-type="fig"}-2), at which point it undergoes a rapid snap-through transition reaching nearly ∼58% constriction ([Figure 2b](#F2){ref-type="fig"}-3). A further increase in the force and lipid concentration resumes constriction along a smooth curve (magenta arrow) with increasing slope indicating strain hardening. If we reduce the applied actin force, to simulate the cyclic nature of actin polymerization and depolymerization ([@B30]; [@B38]), the geometry evolves along a curve different from the loading curve (blue arrow). Despite a complete removal of the actin force, there is a nearly ∼68% residual constriction in the spherocylinder ([Figure 2b](#F2){ref-type="fig"}-4). This geometric plasticity arises from lipid localization and is critical to arrest the elastic tendency of the spherocylinder to expand back to its undeformed geometry and stabilizes the constricted geometry. In the absence of lipid aggregation, the spherocylinder reverts to the original undeformed shape upon actin depolymerization (Supplemental Figure S5). The details of the geometries in [Figure 2](#F2){ref-type="fig"} and the prescribed lipid curvatures are presented in Supplemental Figure S6.
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Drp1--lipid cooperativity
-------------------------

Next, we investigate the constriction induced by Drp1 and its synergy with the conical lipids. We continue from the ∼68% constricted geometry (diameter ∼160 nm) obtained in [Figure 2](#F2){ref-type="fig"} after actin depolymerization and gradually increase the circumferential curvature, stiffness, and the Drp1-coated area in the center of the spherocylinder to simulate Drp1-mediated squeezing ([Figure 3b](#F3){ref-type="fig"}). As before, increased constriction is accompanied by an increase in lipid concentration in the adjacent (blue) domains. Because Drp1 polymerization is known to sequester CL ([@B50]), we prescribe CL-induced curvature underneath the Drp1 coat. We simulate the polymerization phase until the geometry achieves ∼80% constriction reaching a diameter ∼94 nm, a value in the established range for Drp1 ([@B10]). We then split the Drp1 coat and move them apart. This splitting and moving apart of the Drp1 coat has been recently revealed in an in vivo study ([@B29]).

![Predicted role of Drp1-lipid cooperativity during the constriction process. (a) The deformation response due to Drp1 and lipid generated curvatures from the 68% constricted state obtained in [Figure 2b](#F2){ref-type="fig"}-4. (b) During the first phase, the curvature and stiffness of the Drp1 coat and the lipid localization is increased, causing the constriction to undergo a monotonic increase. (c) In the second phase, the coat is split and the two domains are moved apart. (d) Upon reaching a critical separation, the shape undergoes a second buckling instability, which yields a highly constricted state. The insets show the zoomed-in view of the constrictions. The red domain indicates the Drp1-coated region, and the adjacent blue domains show the regions of lipid localization.](mbc-30-160-g003){#F3}

The deformation response shown in [Figure 3](#F3){ref-type="fig"} (Supplemental Movie S2) presents our second key finding. Drp1 polymerization, as per expectations, leads to a more constricted and elongated neck ([Figure 3b](#F3){ref-type="fig"}). In contrast, the structure first expands mildly upon splitting and increased separation between the two Drp1 domains ([Figure 3c](#F3){ref-type="fig"}). But at a critical separation, the system undergoes an unexpected second instability that significantly enhances the constriction leading to an extreme necking ([Figure 3d](#F3){ref-type="fig"}; diameter ∼32 nm). This superconstricted geometry is a consequence of lipid enrichment in the blue domain, which has a natural propensity to close the tubule to form hemispherical geometry as on the poles. These results again reinforce the core notion that conical lipids can cooperatively act with another fission protein to induce instability and generate stable superconstrictions.
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Effect of dynamin 2
-------------------

Finally, we model the effect of the dynamin 2 on mitochondrion squeezing. We assume that dynamin 2 constricts the tubule further, in a manner similar to Drp1. We start from the buckled geometry in [Figure 3d](#F3){ref-type="fig"}. An increase in the cylindrical curvature brings the spherocylinder to the fission state with a tubule diameter ∼5 nm ([Figure 4a](#F4){ref-type="fig"} and Supplemental Movie S3). Notably, the decrease in the radius results in a dramatic increase in the in-plane stress in the membrane to ∼8 mN/m ([Figure 4b](#F4){ref-type="fig"}). For a membrane with a stretch modulus of 250 mN/m and an area extensibility of 3% ([@B42]), the rupture tension is nearly 7.5 mN/m. Thus, the squeezing by dynamin 2 brings the geometry very close to the rupture point, potentially resulting in the culmination of the fission reaction. It is important to note that the constriction of 5 nm diameter can also be reached in the absence of dynamin 2 with a higher lipid concentration. However, the in-plane stress remains nearly negligible despite the desired constriction (Supplemental Figure S7). This drastic increase in the stress in the presence of dynamin 2 suggests that a possible role of the final fission protein could be to accentuate the membrane stress to trigger the final dissociation of a mitochondrion into two daughter mitochondria.

![Simulation of the final stage leading to membrane fission. (a) Dynamin 2--induced squeezing from the postbuckling shape presented in [Figure 3](#F3){ref-type="fig"}. (b) Increased squeezing leads to extreme tubulation with near-rupture in-plane stress in the membrane.](mbc-30-160-g004){#F4}
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In vitro validation of protein--lipid cooperativity
---------------------------------------------------

We now compare the numerically computed shapes with the shapes observed in in vitro experiments previously published by Ramachandran and coworkers ([@B50]) to test the validity of the modeling predictions ([Figure 5](#F5){ref-type="fig"}). The procedure is described in detail elsewhere ([@B50]); briefly, liposomes composed of 35% PE, 25% CL, and 40% PC were preincubated with soluble Drp1 to allow for the formation of helical Drp1-decorated membrane spherocylinders. GTP hydrolysis was later initiated by the addition of GTP to these membranes tubules, and samples were obtained and negatively stained at defined time points for electron microscopy (EM) visualization. Because the in vitro setup lacks actin and dynamin 2 proteins, we subjected the membrane tubule (150 nm in diameter to match experimental geometry) to squeezing effect from Drp1 proteins and conical lipids only.

![In vitro validation of protein--lipid cooperativity during membrane squeezing. We simulate the constriction of a 150-nm-radius spherocylinder in the presence of the squeezing effect of Drp1 and conical lipids to compare to in vitro results presented in [@B50]. As before, the spherocylinder undergoes extreme necking via buckling instability triggered jointly by curvatures from Drp1 and conical lipids. (a) The simulated geometry of an undeformed spherocylinder. (b) EM micrograph of the undeformed tubules ([@B50]). (c) An intermediate simulated shape (Drp1 domain in red and high lipid concentration domain in blue). (d) EM micrograph of constricted tubules ([@B50]). It is important to note that both c and d show similar local undulations and constrictions. (e) The postbuckling shape obtained by splitting of the Drp1 coat. (f) EM micrograph of tubules with highly constricted necks ([@B50]). The narrow necks and the geometry of the neighboring domains show excellent agreement. Scale bar, 200 nm.](mbc-30-160-g005){#F5}

[Figure 5a](#F5){ref-type="fig"} shows the initial geometry and [Figure 5, c and e](#F5){ref-type="fig"}, shows the geometries before and after the splitting of the Drp1 coat, respectively. As before, [Figure 5e](#F5){ref-type="fig"} shows the extreme constriction upon reaching a critical separation between the split Drp1 domains leading to a stable superconstriction. The computed shapes in [Figure 5, a, c, and e](#F5){ref-type="fig"}, show excellent agreement with in vitro shapes ([Figure 5, b, d, and f](#F5){ref-type="fig"}). Not only are the superconstricted geometries in [Figure 5, e and f](#F5){ref-type="fig"}, in excellent agreement, the irregular geometries with local bumps in [Figure 5, c and d](#F5){ref-type="fig"}, show good resemblance.

Our computational predictions validate previous EM observations of Drp1-induced local membrane constrictions in mixed lipid bilayers containing conical lipids ([@B50]), and strongly suggest that proteins and lipids act synergistically to create superconstrictions conducive for fission. It was also previously noted that in the absence of PE, no membrane constrictions were observed despite the presence of CL to bind Drp1 ([@B50]). Guided by these combined predictions, we further investigated the role of conical lipids experimentally in membrane squeezing and stabilization. Consistent with our numerical assessment, under identical experimental conditions as earlier, but with a reduced concentration of PE (22.5%) in the membrane, no superconstrictions were observed despite the presence of a Drp1 helical coat enwrapping the tubulated membrane ([Figure 6](#F6){ref-type="fig"}). The observed experimental shape, in fact, closely resembles the computed shape in the absence of lipid localization ([Figure 6b](#F6){ref-type="fig"}). The formation of Drp1-dependent membrane necks at 35% PE, but not at 22.5% PE, further strongly suggests that adequate spherical curvature from conical lipids is essential for extreme membrane remodeling.

![Experimental validation of the obligatory role of conical lipids in inducing necking. (a) EM micrograph showing an absence of necking in Drp1 polymer enwrapped membrane tubules with a lower concentration of PE lipids. PE concentration was reduced from 35% (results shown in [Figure 5](#F5){ref-type="fig"}) to 22.5%. The concentrations of Drp1 and CL lipids were left unchanged (compared with experimental studies shown in [Figure 5](#F5){ref-type="fig"}). (b) A simulated geometry with the split Drp1 coat in the absence of lipid localization. The experimental and computed shapes show good qualitative agreement.](mbc-30-160-g006){#F6}

DISCUSSION
==========

In this study, we have systematically investigated the mechanics of protein--lipid-mediated squeezing in a dividing mitochondria-like spherocylinder. Our study reveals three key findings. First, conical lipids can act synergistically with fission proteins to trigger buckling instabilities. Second, buckling instabilities promote extreme necking and stabilize the constrictions by arresting the elastic tendency of the spherocylinder to revert to the undeformed geometry during protein polymerization and depolymerization cycles. Third, conical lipids can collaborate with different fission proteins to trigger hierarchical instabilities and step-by-step constriction ([Figure 7](#F7){ref-type="fig"}). The presence of partial constriction and no necking in in vitro experiments with reduced concentrations of conical lipids corroborates the synergistic role of proteins and lipids in generating membrane constrictions.

![Schematic summarizing the proposed shape transition pathway during the protein--lipid mediated fission of mitchondria. The study reveals that the conical lipids act synergistically with fission proteins to trigger hierarchical instabilities and generate step-by-step constrictions.](mbc-30-160-g007){#F7}

Are estimated lipid concentrations physiologically relevant?
------------------------------------------------------------

To answer this critical question, we compute the changes in concentrations of conical lipids to achieve instabilities presented in [Figures 2](#F2){ref-type="fig"} and [3](#F3){ref-type="fig"}. While the modeling predictions are unable to distinguish between the lipid species required for instability and constriction, the in vitro finding that no constrictions are observed with a lower PE concentration (and regular CL concentration) suggests two possibilities: 1) PE is the key lipid contributing to fission, and 2) CL is the key lipid contributing to fission and PE concentration regulates CL sorting. The first scenario is discussed below, and the second scenario is presented in the Supplemental Material. We use the spontaneous curvature of PE lipids of 1/3 nm^−1^ ([@B57]) to get the estimates of lipid concentration and compare the variation in lipid concentration between the initial state ([Figure 2b](#F2){ref-type="fig"}-1) and the state just at the onset of instabilities in the actin--lipid ([Figure 2b](#F2){ref-type="fig"}-2) and Drp1--lipid ([Figure 3c](#F3){ref-type="fig"}) squeezing phases. We emphasize again that the lipid concentrations discussed here are the concentration differences between the inner and the outer leaflets of the membrane and not their absolute concentrations in the leaflets.

For the initial geometry, we require 1.2 and 0.6% PE concentrations in the spherical cap and the cylindrical domains, respectively ([Figure 8a](#F8){ref-type="fig"}). For the states just before instabilities in the actin--lipid and Drp1--lipid constriction phases, the concentration in the spherical domains remain unchanged but the concentration in the cylindrical domains reduces to 0.5 and 0.19%, respectively, and the concentration in the regions adjacent to the protein domain (blue domains next to the red domain) increases to 0.80 and 1.56%, respectively ([Figure 8, b and c](#F8){ref-type="fig"}). This suggests that in comparison to the initial concentration of 0.6%, only 0.20 and 0.96% change in concentrations are required to trigger instabilities and achieve extreme necking. The analysis for CL lipids shows a similar qualitative behavior and the instability is achieved at lower values of lipid sorting (Supplemental Figure S8).

![Lipid requirements for the predicted geometric instabilities. (a) The initial geometry and the required PE concentrations.  For a tubule radius of 250 nm and PE lipid radius of curvature of 3 nm ([@B57]), the required (asymmetric) concentration is 1.2% in the hemispherical domain and 0.6% in the cylindrical domain. (b) The geometry before actin--lipid induced instability and the required PE concentrations. Only 0.20% change in the PE concentration is required in the domain adjacent to actin to trigger the instability. This increase is accompanied by a concomitant decrease in the PE concentration by 0.1% in the cylindrical domain. (c) The geometry before Drp1--lipid induced instability and the required PE concentrations. Only 0.96% change in the PE concentration is required in the domain adjacent to Drp1 to trigger the instability. This increase is accompanied by a concomitant decrease in the PE concentration by 0.41% in the cylindrical domain. These small changes in the areal concentration are sufficient to achieve extreme necking. It is important to note that the required PE lipids into the central blue domains can come from the nearby yellow domains and are not required to come from the blue domains at the poles. Thus, local rearrangement by ∼1.5% adjacent to the protein domain is enough to generate necking conducive for fission.](mbc-30-160-g008){#F8}

These numbers show that the interleaflet concentration difference required for achieving instability is minimal. Although we do not explicitly model the dynamics of lipids and their lipid distribution, the sorting of conical lipids has been revealed in both the experimental and the modeling studies. For example, coarse-grained molecular dynamics studies have revealed membrane-curvature--dependent lipid clustering ([@B24]; [@B3]).

In addition, experimental studies have shown cardiolipin localization in high curvature domains of bacterial spheroplasts ([@B44]) and strong asymmetric distribution of conical 1,2-dihexanoyl-*sn*-glycero-3-phosphocholine (DHPC) lipids ([@B46]). Furthermore, what our calculations suggest is that even if the curvature-based lipid sorting is weak, as was revealed in [@B23], lipids could still actively contribute to mitochondrial shape transitions. In fact, it is remarkable that the experimental study predicts a 4% asymmetry in 1,2-dioleoyl-*sn*-glycero-3-phosphoethanolamine (DOPE) concentration in a vesicle of 100 nm radius ([@B23]), which nearly coincides with the required asymmetric PE concentration to trigger instability in a similarly sized spherocylinder investigated in our in vitro study (data shown in Supplemental Figure S9).

Is the proposed mechanism robust?
---------------------------------

We consider three extensions of the simulations presented earlier in the *Results* section. First, because mitochondria exhibit diverse shapes, we simulate the squeezing of a spherocylinder with varied aspect ratios (*L*~0~/2*R*~0~). The shape transitions for aspect ratios of 1.5 and 4 are shown in Supplemental Figures S10, S11, S12, and S13, respectively. These results again show the proposed sequential instabilities and the superconstriction as predicted for the case of a perfect spherocylinder. Second, we model a local increase in the concentration of conical lipids near the protein domain without any change of lipid concentration in the cylindrical domain. Such a scenario can potentially occur in two cases: 1) conical lipids are recruited from the ER at the constriction sites as proposed in the literature ([@B40]; [@B37]), and 2) proteins and membrane curvature either catalyze flipping of lipids between the leaflets or cluster lipids due to direct electrostatic interactions to give rise to an increased lipid asymmetry. The corresponding shape transitions during the actin--lipid and Drp1--lipid phases are shown in Supplemental Figures S14 and S15. As seen in [Figures 2](#F2){ref-type="fig"} and [3](#F3){ref-type="fig"}, the spherocylinder still undergoes sequential instabilities during the step-by-step constriction process. Third, we test the impact of the sizes of the protein-active area (actin and Drp1) and the lipid domains (adjacent blue domains) on shape transition. The results for the cases with 50% increase and 25% decrease in the domain sizes are shown in Supplemental Figures S16, S17, S18, and S19. Despite significant changes in sizes, the spheroyclinder undergoes similar instability-based constrictions. These results collectively suggest that the proposed mechanism is robust and is independent of the shape of the spherocylinder, the cause of lipid localization and variations in protein/lipid domain sizes.

Proposed mechanism requirement, rationale, and evidence
-------------------------------------------------------

Our study reveals that an important requirement for the onset of instability is the aggregation of conical lipids in the inner leaflet adjacent to the protein-active domain. Thus, sequestration of CL underneath Drp1 coat observed in the experiments is not capable of triggering instability. This is a key prediction made by the computational model. The instability is a result of energetics, where the system prefers to undergo a large deformation in order to reach an energetically optimal state. This is driven by the conical lipids in the inner leaflet in the blue domains, which want the spherocylinder to close up. It is also important to note that the superconstricted shape is ideal for the conical lipid clusters and is a natural shape for the formation of daughter mitochondria.

As far as direct evidence is concerned, it is extremely difficult to identify an instability during a constriction process either in vitro or in vivo. To track instability, a continuous high-resolution time-dependent observation has to be made. However, remarkably, the study by [@B38] shows constricted shapes of mitochondria in postactin phase in DRP1-deficient cells. This suggests that these constricted shapes are potentially stabilized via buckling instabilities mediated by lipids. The constricted tubules should otherwise rebound back to their original shapes due to the high elastic energy stored in the superconstricted domain. In addition, the in vitro results of [@B50] also clearly show constricted tubules after Drp1 depolymerization. Because there is no active force acting on the tubules in this phase, instability-­induced equilibrium shape is likely the explanation for the observed geometries.

General principles for membrane fission
---------------------------------------

Going beyond mitochondrial fission, the findings of this study reveal some general physical principles that may contribute to our understanding of membrane fission at-large. A significant number of fundamental studies have provided mechanistic insights into the constriction-fission mystery (see the recent review article [@B13], and the references therein). Although several of these studies have recognized the role of lipid properties in membrane fission ([@B19]; [@B25]; [@B7]; [@B2]; [@B45]; [@B14]), the active role of spatially segregated conical lipids in inducing buckling instability to drive extreme membrane constriction has not been demonstrated before. In this regard, this work reveals three key principles. First, it is critical to invoke the correct sequence of curvatures. The protein-mediated squeezing has to precede the lipid localization in order to achieve constriction. The reverse sequence would lead to radial expansion of the membrane tubule. Second, it is favorable to have spatial segregation in the protein and lipid domains. This avoids "curvature conflict" in the same region, allowing proteins and lipids to impose their complementary curvatures more strongly. Third, disintegration of the protein coat is vital for triggering instability. After proteins supply the initial energy (by squeezing the membrane tubule) and prime the system (by modulating lipid distribution), they hinder the snap-through transition of the membrane due to their stiffening effect. Thus, it is desirable that coat-forming proteins either move apart or leave, allowing the lipids to undergo instability-driven extreme remodeling. These features are a consequence of the interplay between geometry and elasticity, and hence are of a generic nature.

Limitations
-----------

As is true for all models, our mathematical framework has some limitations. First, the analytical work presented in this study is based on an idealized mitochondrion that is modeled as a spherocylindrical shell. Similar modeling idealizations restricted to axisymmetric shapes have been routinely and successfully used in the literature before to gain mechanistic insights into the membrane physics literature (please see [@B26], for example). However, it would be valuable to investigate the mechanics of more realistic nonaxisymmetric shapes in a larger phase space. Such generalization is likely to lead to quantitative changes in the predictions altering the numerical values of actin forces and lipid curvatures required to trigger shape transitions. Second, the model does not explicitly account for the physical forces that may arise from the architectural remodeling of the inner membrane during mitochondrial fission. The recent study from Higgs labs shows that the inner membrane undergoes fission even before Drp1 is recruited to the mitochondria ([@B5]). Thus, our predictions should be valuable to understand the subsequent constriction of the outer membrane. However, even if the inner membrane were to apply some internal resistance, the effect would lead to some internal pressure that would oppose constriction. This again, would only lead to quantitative changes in the predictions. Third, our model does not explicitly account for protein--lipid dynamics and membrane fission. As a result, we prescribe force and curvature fields and stop at a shape with a highly constricted neck, which should serve as a precursor to fission. Although the assumptions invoked to bypass these limitations have been well established and employed in several studies (cited in the text), computational models to investigate the dynamics of specific proteins and lipids of interest in the future would provide additional insights. In particular, a stochastic analysis of lipid--protein dynamics would be insightful to understand the interplay between protein kinetics and lipid dynamics giving more in-depth knowledge of energetic barriers in undergoing instabilities and shape transitions. Fourth, in this work, we have prescribed the aggregation of conical lipids at fission sites, and predicted its consequence on the squeezing transition. Although we have analyzed and presented a two-step process, it awaits rigorous in vivo validation. It is possible that the proposed curvature-based lipid aggregation mechanism is triggered only beyond a certain threshold curvature during the squeezing process. In such a scenario, if the actin-induced squeezing does not exceed the threshold curvature, lipid cooperativity and the induced first buckling during the actin phase might not be observed. However, due to the substantially greater curvature at mitochondrial fission sites in the Drp1 phase, we expect the second instability to occur with much higher probability.

In summary, our study reveals a hierarchical instability-based mechanism of membrane squeezing triggered jointly by proteins and conical lipids. Despite various complexities, our findings might be of value to understanding mitochondrial fission in vivo. The in vitro studies lend support to our modeling predictions. We hope that our work will stimulate more biophysical studies to explore the role of conical lipids and their interactions with mitochondrial proteins during shape transformations observed in apoptosis and mitochondria-associated diseases. In a general context, our work might give new insights into other topological events during cellular transport and remodeling of cellular organelles driven by curvature-inducing proteins and lipids ([@B36]; [@B57]).

MATERIALs AND METHODS
=====================

We resort to continuum-scale modeling as it possesses the unique ability to quantify the roles of proteins and lipids without getting overwhelmed with the molecular details. The continuum approach has been successfully used to study actin-induced mitochondrial constriction ([@B34]) and the intricate architecture of the mitochondrial inner membrane and endoplasmic reticulum ([@B11]; [@B43]; [@B41]; [@B52]). We model a mitochondrion as a hollow spherocylinder (a cylinder capped with hemispheres at the two ends; see [Figure 1b](#F1){ref-type="fig"}) made of lipid membrane, which undergoes shape transition in the presence of known shape remodeling effects of fission proteins and conical lipids. This assumption is supported by the recent study from Higgs labs that reveals that the inner membrane undergoes fission even before Drp1 is recruited to the mitochondria ([@B5]).

A lipid membrane is treated as a 2D elastic fluid surface. The strain energy for such a surface depends on the local curvatures of the surface. In regions where the membrane possesses isotropic properties, strain energy depends on the two curvature invariants: the mean curvature (*H*) and the Gaussian curvature (*K*) ([@B4]; [@B17]; [@B21]; [@B31]; [@B49]). Because conical lipids such as CL, PE, and DAG generate spherical curvatures ([Figure 1c](#F1){ref-type="fig"}) that remain invariant in all the directions, the strain energy in CL/PE-rich domains is given by the well-known Helfrich--Canham energy , where is the spontaneous curvature imposed by the lipids and are the bending moduli. A detailed explanation for why conical lipids will generate spherical curvatures as opposed to cylindrical curvatures is provided in the Supplemental Material (Supplemental Figure S1). In the current model, the spontaneous curvature generated by lipids is assumed to be proportional to the difference in their concentrations between the two leaflets (Supplemental Figure S2). Therefore, hereafter we refer to this asymmetric distribution of the conical lipids as lipid concentration. Also, the conical lipids are treated alike ([Figure 1c](#F1){ref-type="fig"}) as the differences in the architecture of individual lipid species will only manifest as different prescribed values of the spontaneous curvature (*H*~0~). In regions where membranes lose isotropy and interact with proteins that form ring-like structures and generate cylindrical curvatures, the strain energy depends on an additional curvature invariant, called the curvature deviator (*D*; [@B27]; [@B9]; [@B54]). Because the contractile actin ring and Drp1 would generate distinct curvatures in the circumferential and the longitudinal directions ([Figure 1d](#F1){ref-type="fig"}), the strain energy in the protein-rich domain is given by , where is the spontaneous curvature and is the bending moduli associated with the curvature deviator. The squeezing effect of actin and actomyosin is explicitly modeled via a force **f** acting on the membrane ([Figure 2d](#F2){ref-type="fig"}; [@B55]). Because the orientation of the force at the ER contact sites is not known, we simulate two potential orientations (defined by α; [Figure 1e](#F1){ref-type="fig"}).

One of the key features of our mathematical framework is that it allows spontaneous curvatures and bending moduli to depend on the surface coordinates, thus allowing seamless modeling of membrane heterogeneity, a feature critical to assessing the nuances of extreme localized remodeling. Because lipid membranes can undergo only 2--3% areal dilation before rupture, we impose areal incompressibility. We construct the system free energy and minimize it to obtain the Euler--Lagrange equations. We simplify the equations for the axisymmetric setting (Supplemental Figure S3) and compute the shape evolution of the idealized spherocylindrical mitochondrion. The simulations are quasistatic and deterministic in nature. The initial spherocylindrical geometry is obtained by prescribing two distinct conical lipid concentrations in the hemispherical and cylindrical domains. Here, we assume that a higher areal density of conical lipids leads to higher effective spontaneous curvatures. Further details of the model are presented in the Supplemental Material.
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CL

:   cardiolipin

DAG

:   diacylglycerol

DHPC

:   1,2-dihexanoyl- *sn*-glycero-3-phosphocholine

DOPE

:   1,2-dioleoyl- *sn*-glycero-3-phosphoethanolamine

Drp1

:   dynamin-related protein 1

EM

:   electron microscopy

ER

:   endoplasmic reticulum

GTP

:   guanosine triphosphate

PC

:   phosphocholine

PE

:   phosphatidylethanolamine
